О единственности решения задачи об обтекании ограниченного тела установившимся потоком неньютоновской жидкости by Захарова, И.В.
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T (v¯, p) = −pI + Π(v¯), Π = (1 + ζ(|S|2))S,
S(v¯) = {Sij}3i,j=1 =
{
∂vi
∂xj
+ ∂vj∂xi
}3
i,j=1
, |S| =
(
3∑
i,j=1
S2ij
)1/2
,
 ζ(t), t ≥ 0 &. 7$.# 2H-. / +H  H +68
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 &.H-. &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ζ(0) = 0, −1 + γ0 ≤ ζ(t) ≤ γ1,
ζ(t) → 0 + t→ 0, ζ ′(t) → 0 + t→ 0 !<"
γ0 = GZOSP > 0, γ1 = GZOSP ≥ −1 + γ0,
max
t≥0
|ζ ′(t)| = M1,max
t≥0
|ζ ′′ (t)| = M2,
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&. ζ(t) ≡ 0 2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−νXRaΠ + (v¯∇)v¯ +∇p = f¯ , XRa v¯ = 0  Ω. !D"
K( ν ( +&1&(.  
(v¯∇)v¯ =
3∑
i=1
vi
∂v¯
∂xi
,
XRaΠ =
3∑
i=1
∂
∂xi
(
(1 + ζ(|S|2))Sij
)
, j = 1, 2, 3.
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v¯|Γ = 0, lim
x→∞ v¯(x) = 0. !@"
K/ !D"# !@" &.  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&. m ∈ N #
1 < r <∞# δ ∈ R  + ?& +&.H. 
Hm,rδ (Ω) =
{
f¯ ∈ Lrδ(Ω) | Dαf¯ ∈ Lrδ+|α|(Ω), 0 ≤ |α| ≤ m
}
,
 α 8 2&(# α = (α1, α2, α3)#
|α| =
∑
αi, D
α =
∂α1
∂x1
∂α2
∂x2
∂α3
∂x3
.

&. 1 < r <∞# δ ∈ R 2 +&2  Lrδ(Ω) + 
Lrδ(Ω) =
{
f¯ ∈ Lr(Ω) : ‖f¯‖r,δ,Ω =
(∫
Ω
(1 + |x|2)δr/2|f¯(x)|r dx
)1/r
< ∞
}
.
Hm,rδ (Ω) 8 ?0 +  2
‖f¯‖m,r,δ,Ω =
⎡⎣ ∑
|α|≤m
‖Dαf¯‖rr,δ+|α|,Ω
⎤⎦1/r .
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v¯(x) = O
(
1
|x|
)
, p(x) = O
(
1
|x|2
)
+ x→∞.
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$ 
!  f¯ ∈ Lrδ+2(Ω) − 3r < δ < 1− 3r , r > 3  f¯(x) !" ) $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 

f¯(x) =
1
|x|3 F¯ (x) + f˜(x), !B"
# F¯ (x) $ * #∫
Γ
d¯ · F¯ dΓ = 0 ∀ d¯ ∈ R3, !E"
( % f˜(x)   +
f˜(x) = O
(
1
|x|3+ε1
)
, ε1 > 0 !F"
 $! ‖f¯‖Lrδ+2(Ω) + !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v¯ ∈ H2,rδ (Ω), p ∈ H1,rδ+1(Ω),
v¯(x) = O
(
1
|x|
)
, p(x) = O
(
1
|x|2
)
$ x →∞
 ! ! % 
‖v¯‖H2,rδ (Ω) + ‖p‖H1,rδ+1(Ω) ≤ c‖f¯‖Lrδ+2(Ω),
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−νΔu¯ +∇q = f¯ , XRa u¯ = 0  Ω, !="
u¯|Γ = 0, lim
x→∞ u¯(x) = 0. !C"
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' f¯ ∈ Lrδ+2(Ω) − 3r < δ < 1 − 3r , r > 3  f¯(x) 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u¯ ∈ H2,rδ (Ω), q ∈ H1,rδ+1(Ω),
u¯(x) = O
(
1
|x|
)
, q(x) = O
(
1
|x|2
)
$ x→∞
FB  
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‖u¯‖H2,r
δ
(Ω) + ‖q‖H1,r
δ+1(Ω)
≤ c‖f¯‖Lrδ+2(Ω).
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f¯(x) ∈ L6(Ω) $ % 
‖f¯(x)‖L6 ≤
2√
3
‖∇f¯‖L2. !J"
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
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  $& 1 *2 ( % v¯(x) ∈ W 12 (Ω) $ % ∫
Ω
|x|−2|v¯|2 dx ≤ 4
∫
Ω
|∇v¯|2 dx. !<>"
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!"  # 2 #$%2& ' r > 3,− 3r < δ < 1− 3r    *2 ( %
u¯(x) ∈ H2,rδ (Ω) $ % 
max
Ω
|Du¯| ≤ c‖u¯‖H2,rδ (Ω) !<<"
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!"  # 2 #$%2& ' r > 3,− 3r < δ < 1− 3r    *)3 ( %2
u¯(x), v¯(x), w¯(x) ∈ H2,rδ (Ω) $ % 
‖D2u¯Dv¯Dw¯‖Lrδ+2(Ω) ≤ c2‖u¯‖H2,rδ (Ω)|‖v¯‖H2,rδ (Ω)‖w¯‖H2,rδ (Ω) !<D"

6&( &22 D 2.#  /#  mCn 
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!"  # 2 #$%2 r > 3,− 3r < δ < 1 − 3r & ' ( % u¯(x), v¯(x) ∈
H2,rδ (Ω)  )) 
|v¯(x)| = O
(
1
|x|
)
$x →∞,
|u¯x)| = O
(
1
|x|
)
$x →∞,
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‖(u¯∇)v¯‖Lrδ+2(Ω) ≤ c∗‖u¯‖H2,rδ (Ω)‖v¯‖H2,rδ (Ω), !<@"
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6&(  9. 6/ !D"# !@" 
< ?62 &. /&  !D" /&2 XRa
[
ζ(|S(v¯)|2)S(v¯)
]
XRa
[
ζ(|S(v¯)|2)S(v¯)
]
= {
3∑
j=1
∂
∂xj
[
ζ(|S(v¯)|2)Sij
]
}3i=1 =
= {
3∑
j=1
[ζ′(|S(v¯)|2)( ∂∂xj |S(v¯)|2)Sij + ζ(|S(v¯)|2) ∂∂xj Sij ]}3i=1 =
= {
3∑
j=1
[ζ′(|S(v¯)|2) ∂∂xj
∑
k,m
S2kmSij + ζ(|S(v¯)|2)
(
∂2vi
∂x2j
+ ∂
2vj
∂xi∂xj
)
]}3i=1 =
= {ζ′(|S(v¯)|2) ∑
j,k,m
2Skm ∂Skm∂xj Sij + ζ(|S(v¯)|2)[
∑
j
∂2vi
∂x2j
+ ∂∂xi
∑
j
∂vj
∂xj
]}3i=1 =
= {2ζ′(|S(v¯)|2) ∑
j,k,m
SkmSij
∂Skm
∂xj
+ ζ(|S(v¯)|2)[Δvi + ∂∂xi XRa v¯]}3i=1 =
= {2ζ′(|S(v¯)|2) ∑
j,k,m
SkmSij
∂Skm
∂xj
+ ζ(|S(v¯)|2)Δvi}3i=1 =
= {2ζ′(|S(v¯)|2) ∑
j,k,m
SkmSij
∂Skm
∂xj
}3i=1 + ζ(|S(v¯)|2)Δv¯
+92  !D"  M& 72
−νΔv¯ − νΔv¯ζ(|S(v¯)|2) +
3∑
k=1
vk
∂v¯
∂xk
−
−2νζ′(|S(v¯)|2) ∑
j,k,m
Sij(v¯)Skm(v¯)
∂Skm(v¯)
∂xj
+∇p = f¯ .
2 +&&(( +?&1 &H-2 ?62A +( (v¯o,
po) 8 9 2 
−νΔv¯0 +∇p0 = f¯ , XRa v¯0 = 0  Ω, !<B"
 /2 &.2
v¯0|Γ = 0, lim
x→∞ v¯
0(x) = 0. !<E"
?&1 (v¯1, p1) ( 9 & 6/
−νΔv¯1 +∇p1 = f¯ + νΔv¯0ζ(|S(v¯0)|2)−
3∑
k=1
v0k
∂v¯0
∂xk
+
FF  
+2νζ′(|S(v¯0)|2)
∑
j,k,m
Skm(v¯0)Sij(v¯0)
∂Skm(v¯0)
∂xj
≡ g¯1,
XRa v¯1(x) = 0  Ω,
 /2 &.2
v¯1(x)|Γ = 0, lim
x→∞ v¯
1(x) = 0.
?&1 (v¯n, pn) ( 9 H- 6/
−νΔv¯n +∇pn = f¯ + νΔv¯n−1ζ(|S(v¯n−1)|2)−
3∑
k=1
vn−1k
∂v¯n−1
∂xk
+
+2νζ′(|S(v¯n−1)|2)
∑
j,k,m
Skm(v¯n−1)Sij(v¯n−1)
∂Skm(v¯n−1)
∂xj
≡ g¯n, !<F"
XRa v¯n(x) = 0  Ω,
 /2 &.2
v¯n(x)|Γ = 0, lim
x→∞ v¯
n(x) = 0. !<="
 1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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 6/ !<B"# !<E"

v¯0 ∈ H2,rδ (Ω), p0 ∈ H1,rδ+1(Ω),
v¯0(x) = O
(
1
|x|
)
, p0(x) = O
(
1
|x|2
)
+ x→∞

‖v¯0‖H2,r
δ
(Ω) + ‖p0‖H1,r
δ+1(Ω)
≤ c‖f¯‖Lrδ+2(Ω),
  c 6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 δ 
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v¯n ∈ H2,rδ (Ω), pn ∈ H1,rδ+1(Ω),
v¯n(x) = O
(
1
|x|
)
, pn(x) = O
(
1
|x|2
)
 2 2 $
‖v¯n‖H2,rδ (Ω) + ‖p
n‖H1,rδ+1(Ω) ≤ c‖g¯n‖Lrδ+2(Ω).
 2 ?62#  +&&( +?&1. {(v¯n, pn)}∞n=0 -H#
v¯n(x) = O
(
1
|x|
)
, pn(x) =
(
1
|x|2
)
+ x →∞
 +& $
‖v¯n‖H2,rδ (Ω) + ‖p
n‖H1,rδ+1(Ω) ≤ c‖g¯n‖Lrδ+2(Ω), ∀n = 0, 1, . . . .
       
 F=
' +6(# /  +&&( +?&1. {v¯n, pn}∞n=0 &1 
7 7   + H2,rδ (Ω) × H1,rδ+1(Ω) + &#
/ 2 ‖f¯‖Lrδ+2(Ω) / 2& 
+&(6. $ 9 & 6/ !="# !F" 21 6(# / &.
0 +&&(0 +?&1 {(v¯n, pn)}∞n=0 $
‖v¯n‖H2,rδ (Ω) + ‖p
n‖H1,rδ+1(Ω) ≤ R = c‖f¯‖Lrδ+2(Ω),
+& +    1  c &. 0 +?&1 {(v¯n, pn)}∞n=0 
q  6  ?& Ω# +2 r  δ 
D 
6&( 02 +&&( +?&1 {(v¯n, pn)}∞n=0 

12# / +&&(( +?&1 .&.. 72&(#
 (
‖v¯n − v¯m‖H2,rδ (Ω) + ‖p
n − pm‖H1,rδ+1(Ω) → 0, n,m→∞.
?&1 (v¯m, pm) ( 9 & 6/
−νΔv¯m +∇pm = f¯ + νΔv¯m−1ζ(|S(v¯m−1)|2)−
3∑
k=1
vm−1k
∂v¯m−1
∂xk
+
+2νζ′(|S(v¯m−1)|2)
∑
j,k,m
Skm(v¯m−1)Sij(v¯m−1)
∂Skm(v¯m−1)
∂xj
≡ g¯m,
XRa v¯m(x) = 0  Ω
 /2 &.2
v¯m(x)|Γ = 0, lim
x→∞ v¯
m(x) = 0.
  (v¯n − v¯m, pn − pm) &. 2 
−νΔ(v¯n − v¯m) +∇(pn − pm) = νΔv¯n−1ζ(|S(v¯n−1)−
−νΔv¯m−1ζ(|S(v¯m−1)|2)−
3∑
k=1
vn−1k
∂v¯n−1
∂xk
+
3∑
k=1
vm−1k
∂v¯m−1
∂xk
+
+2νζ′(|S(v¯n−1)|2)
∑
j,k,m
Skm(v¯n−1)Sij(v¯n−1)
∂Skm(v¯n−1)
∂xj
−
−2νζ′(|S(v¯m−1)|2)
∑
j,k,m
Skm(v¯m−1)Sij(v¯m−1)
∂Skm(v¯m−1)
∂xj
,
XRa (v¯n − v¯m) = 0  Ω
 /2 &.2
(v¯n − v¯m)|Γ = 0, lim
x→∞(v¯
n − v¯m) = 0.
FC  
+&(6. 1 2 D#  !<" 7$ ζ(t)  &22 <# D# @#
$2 2 6
‖v¯n − v¯m‖H2,rδ (Ω) + ‖p
n − pm‖H1,rδ+1(Ω).
  2 2 $
‖v¯n − v¯m‖H2,rδ (Ω) + ‖p
n − pm‖H1,rδ+1(Ω) ≤ μ‖v¯
n−1 − v¯m−1‖H2,rδ (Ω),
 
μ = c
(
36νM1c4‖f¯‖2Lrδ+2(Ω) + 4cc∗‖f¯‖Lrδ+2(Ω) + 64νM2c
8‖f¯‖4Lrδ+2(Ω)
)
,
 6 2 D# c∗ 6 &22 @# 6.-.  +2 r#
δ  & $ ?& Ω  &# / 2 ‖f¯‖Lrδ+2(Ω) /
2&#  μ < 1 
( n > m +&(6. &/ 1. &. 2 6
‖v¯n−1 − v¯m−1‖H2,r
δ
(Ω) + ‖pn−1 − pm−1‖H1,r
δ+1(Ω)
2 +&/2 $
‖v¯n − v¯m‖H2,rδ (Ω) + ‖p
n − pm‖H1,rδ+1(Ω) ≤ μ
m‖v¯n−m − v¯0‖H2,rδ (Ω),
 μ < 1 
   μ < 1# +&/2
‖v¯n − v¯m‖H2,rδ (Ω) + ‖p
n − pm‖H1,rδ+1(Ω) → 0, n,m→∞
+ &# / 2 ‖f¯‖Lrδ+2(Ω) / 2&  2 ?62# +&8
&(( {v¯n, pn}∞n=0 2 +& (v¯, p)  + H2,rδ (Ω)×H1,rδ+1(Ω)  &
+& 0 + ?& 
@ 
6&( 692 6/ !D"# !@" 

12# / +& +&&( {(v¯n, pn)}∞n=0 .&.. 92 68
/ !D"#!@" 6 +
H2,rδ (Ω)×H1,rδ+1(Ω).
22 6/
−νΔv¯n +∇pn = f¯ + νΔv¯n−1ζ(|S(v¯n−1)|2)−
3∑
k=1
v¯n−1k
∂v¯n−1
∂xk
+
+2νζ′(|S(v¯n−1)|2)
∑
j,k,m
Skm(v¯n−1)Sij(v¯n−1)
∂Skm(v¯n−1)
∂xj
, !<C"
XRa v¯n(x) = 0  Ω
       
 FJ
 &2 /2 &.2
v¯n(x)|Γ = 0, lim
x→∞ v¯
n(x) = 0. !<J"
2  +&  !<C" + n→∞ 
) 6&# /
{(v¯n, pn)} → (v¯, p)  H2,rδ (Ω)×H1,rδ+1(Ω),
 (
lim
n→∞ ‖v¯
n − v¯‖H2,rδ (Ω) + ‖p
n − p‖H1,rδ+1(Ω) = 0. !D>"

12# / Δv¯n → Δv¯ + n→∞  + Lrδ+2(Ω) 
22 2 6 ‖Δv¯n −Δv¯‖Lrδ+2(Ω) 
‖Δv¯n −Δv¯‖Lr
δ+2(Ω)
=
(∫
Ω
|Δv¯n −Δv¯|r(1 + |x|2) (δ+2)r2 dx
) 1
r
=
=
(∫
Ω
|Δ(v¯n − v¯)|r(1 + |x|2) (δ+2)r2 dx
) 1
r
≤ ‖(v¯n − v¯)‖H2,r
δ
(Ω) → 0, n→∞.
&&(# ‖Δv¯n −Δv¯‖Lrδ+2(Ω) → 0, n→∞ #  ( Δv¯n → Δv¯, n→∞ 

12# / Δv¯nζ
(
|S(v¯n)|2
)
→ Δv¯ζ
(
|S(v¯)|2
)
, n→∞  + Lrδ+2(Ω) 
22 2 6
‖Δv¯nζ
(
|S(v¯n)|2
)
−Δv¯ζ
(
|S(v¯)|2
)
‖Lrδ+2(Ω) = ‖Δv¯nζ
(
|S(v¯n)|2
)
−
−Δv¯nζ
(
|S(v¯)|2
)
‖Lrδ+2(Ω) + Δv¯nζ
(
|S(v¯)|2
)
−Δv¯ζ
(
|S(v¯)|2
)
‖Lrδ+2(Ω) ≤
≤ ‖Δv¯n
(
ζ
(
|S(v¯n)|2
)
− ζ
(
|S(v¯)|2
))
‖Lrδ+2(Ω)+
+‖(Δv¯n −Δv¯)ζ
(
|S(v¯)|2
)
‖Lrδ+2(Ω) ≡ V1 + V2.

&. $ V1 +22 2 '1  7$ ζ(t)# ++&1
? / ζ
′
(t)  &22 D
V1 = ‖Δv¯n
(
ζ
(
|S(v¯n)|2
)
− ζ
(
|S(v¯)|2
))
‖Lrδ+2(Ω) ≤
≤
∥∥∥∥∥Δv¯nζ ′(θ)
(
|S(v¯n)|2 − |S(v¯)|2
)∥∥∥∥∥
Lr
δ+2(Ω)
≤
≤ M1‖Δv¯n
(
Skm(v¯n)− Skm(v¯)
)(
Skm(v¯n) + Skm(v¯)
)
‖Lr
δ+2(Ω)
≤
≤M1‖Δv¯nSkm(v¯n − v¯)Skm(v¯n + v¯)‖Lrδ+2(Ω) ≤
=>  
≤ M1c2‖v¯n‖H2,rδ (Ω)‖v¯
n − v¯‖H2,rδ (Ω)‖v¯
n + v¯‖H2,rδ (Ω).
   lim
n→∞ ‖v¯
n − v¯‖H2,rδ (Ω) = 0#  limn→∞V1 = 0 

12# / V2 → 0 + n→∞ 
V2 = ‖(Δv¯n −Δv¯)ζ
(
|S(v¯)|2
)
‖Lrδ+2(Ω) = ‖Δ(v¯n − v¯)ζ
(
|S(v¯)|2
)
‖Lrδ+2(Ω) ≤
≤ M‖Δ(v¯n − v¯)‖Lrδ+2(Ω) → 0,
  Δv¯n → Δv¯, n→∞ 
 6&( +&/2
Δv¯nζ
(
|S(v¯n)|2
)
→ Δv¯ζ
(
|S(v¯)|2
)
, n→∞
 + Lrδ+2(Ω) 

12 +(# / + n→∞
ζ′(|S(v¯n)|2)
∑
j,k,m
Sij(v¯n)Skm(v¯n)
∂Skm(v¯n)
∂xj
→ !D<"
→ ζ′(|S(v¯)|2)
∑
j,k,m
Sij(v¯)Skm(v¯)
∂Skm(v¯)
∂xj
.

&. 6&( !D<" +&(62. 2 !<"# &222 <  D   6&(8
 +&/2 $ &. 2 6∥∥ζ′(|S(v¯n)|2) ∑
j,k,m
Sij(v¯n)Skm(v¯n)
∂Skm(v¯
n)
∂xj
−
−ζ′(|S(v¯)|2) ∑
j,k,m
Sij(v¯)Skm(v¯)
∂Skm(v¯)
∂xj
∥∥
Lrδ+2(Ω)
≤
≤ GZOSP‖v¯n − v¯‖H2,rδ (Ω)
   ‖v¯n − v¯‖H2,rδ (Ω) → 0#  !D<" +&.. 

12 +( 02( (v¯n∇)v¯n → (v¯∇)v¯, n→∞  + Lrδ+2(Ω) 
22 2 6
‖(v¯n∇)v¯n − (v¯∇)v¯‖Lrδ+2(Ω) =
= ‖(v¯n∇)v¯n − (v¯n∇)v¯ + (v¯n∇)v¯ − (v¯∇)v¯‖Lrδ+2(Ω) ≤
≤ ‖(v¯n∇)(v¯n − v¯)‖Lrδ+2(Ω) + ‖((v¯n − v¯)∇)v¯‖Lrδ+2(Ω) ≡ K1 + K2.

&. $ K1 +&(62 &22 @
‖(v¯n∇)(v¯n − v¯)‖Lrδ+2(Ω) ≤
≤ c∗‖v¯n‖H2,rδ (Ω)‖v¯
n − v¯‖H2,rδ (Ω) → 0, n→∞,
  ‖v¯n − v¯‖H2,rδ (Ω) → 0, n→∞ 
&/ K2 = ‖((v¯n − v¯)∇)v¯‖Lrδ+2(Ω) → 0, n→∞ 
q 6/# / (v¯n∇)v¯n → (v¯∇)v¯, n→∞  + Lrδ+2(Ω) 
       
 =<
 2 ?62# + (v¯, p) .&.. 92 6/  + H2,rδ (Ω)×
H1,rδ+1(Ω) 
B ( 9. 6/ !D"# !@" 6. 22# +28
2  :2 &.  ( 8   mDn 
( (  9. 6/ !D"# !@"
(v¯, p)  (u¯, q),
 / + (v¯, p) ( 9 6/
−νΔv¯ − νΔv¯ζ(|S(v¯)|2) + (v¯∇)v¯−
−2νζ′(|S(v¯)|2)
∑
j,k,m
Skm(v¯)Sij(v¯)
∂Skm(v¯)
∂xj
+∇p = f¯ ,
XRa v¯(x) = 0  Ω
 /2 &.2
v¯(x)|Γ = 0, lim
x→∞ v¯(x) = 0,

v¯ ∈ H2,rδ (Ω), p ∈ H1,rδ+1(Ω),
v¯(x) = O
(
1
|x|
)
, p(x) = O
(
1
|x|2
)
+ x→∞.
 (u¯, q) ( 9 6/
−νΔu¯− νΔu¯ζ(|S(u¯)|2) + (u¯∇)u¯−
−2νζ′(|S(u¯)|2)
∑
j,k,m
Skm(u¯)Sij(u¯)
∂Skm(u¯)
∂xj
+∇q = f¯ ,
XRa u¯(x) = 0  Ω
 &2 /2 &.2
u¯(x)|Γ = 0, lim
x→∞ u¯(x) = 0,

u¯ ∈ H2,rδ (Ω), q ∈ H1,rδ+1(Ω),
u¯(x) = O
(
1
|x|
)
, q(x) = O
(
1
|x|2
)
+ x →∞.
( w¯(x) = v¯(x)− u¯(x), s = p− q 
  (w¯, s) &. 2 
−νΔw¯ − νΔv¯ζ(|S(v¯)|2) + νΔu¯ζ(|S(u¯)|2) + (v¯∇)v¯−
−(u¯∇)u¯− 2νζ′(|S(v¯)|2)
∑
j,k,m
Skm(v¯)Sij(v¯)
∂Skm(v¯)
∂xj
+ !DD"
=D  
+2νζ′(|S(u¯)|2)
∑
j,k,m
Skm(u¯)Sij(u¯)
∂Skm(u¯)
∂xj
+∇s = 0,
XRa w¯(x) = 0  Ω
 /2 &.2
w¯(x)|Γ = 0, lim
x→∞ w¯(x) = 0

w¯(x) = O
(
1
|x|
)
, s(x) = O
(
1
|x|2
)
+ x →∞.
 & & + H2,rδ (Ω)
w¯ ∈ H2,rδ (Ω), s ∈ H1,rδ+1(Ω).

12# / w¯ ≡ 0  Ω 
212 ? / . !DD"  w¯(x)  +8
2 + ?& ER# / +0(H Γ  ?&(9 7 ΣR
 R  6&( +&/2
−ν
∫
ER
Δw¯ · w¯ dx−
∫
ER
νΔv¯ζ(|S(v¯)|2) · w¯ dx+
+
∫
ER
νΔu¯ζ(|S(u¯)|2) · w¯ dx +
∫
ER
(
(v¯∇)v¯ · w¯ − (u¯∇)u¯ · w¯
)
dx−
−2ν
∫
ER
3∑
i=1
{
ζ′(|S(v¯)|2)
∑
j,k,m
Skm(v¯)Sij(v¯)
∂Skm(v¯)
∂xj
}
i
· wi dx+ !D@"
+2ν
∫
ER
3∑
i=1
{
ζ′(|S(u¯)|2)
∑
j,k,m
Skm(u¯)Sij(u¯)
∂Skm(u¯)
∂xj
}
i
· wi dx+
+
∫
ER
∇s · w¯ dx = 0
?62 & 6 & / 9. !D@" 
 +2-(H . + /.2∫
ER
νΔw¯ · w¯ dx = ν
∫
ER
∑
i
Δwiwi dx = ν
∫
ER
∑
i
(
3∑
j=1
∂2wi
∂x2j
wi
)
dx =
= −ν
∫
ER
|∇w¯|2 dx + ν
∫
Γ∪ΣR
∑
i,j
∂wi
∂xj
wiGZS(n¯, xj) dσ,
 n¯  /  9 2&  $ ?& ER 
       
 =@
22 &
∫
ER
(
(v¯∇)v¯ − (u¯∇)u¯) · w¯
)
dx =
=
∫
ER
(
(v¯∇)v¯ − (u¯∇)v¯ + (u¯∇)v¯ − (u¯∇)u¯
)
· w¯ dx =
=
∫
ER
(
((v¯ − u¯)∇)v¯ + (u¯∇)(v¯ − u¯)
)
· w¯ dx =
=
∫
ER
(
(w¯∇)v¯ + (u¯∇)w¯
)
· w¯ dx =
=
∫
ER
(
(w¯∇)v¯
)
· w¯ dx + ∫
ER
(
(u¯∇)w¯
)
· w¯ dx ≡ G1 + G2
/&2 & G1# +&(6.( 72& . + /.2∫
ER
(w¯∇)v¯) · w¯ dx =
∑
j,k
∫
ER
∂vj
∂xk
wkwj dx =
= −
∑
j,k
∫
ER
(
wj
∂wk
∂xk
vj + vj
∂wj
∂xk
wk
)
dx +
∫
Γ∪ΣR
wkvjwjGZS(n¯, xk) dσ =
= −
∫
ER
∑
j,k
∂wj
∂xk
wkvj dx +
∑
j,k
∫
ΣR
wjwkvjGZS(n¯, xk) dσ, !DB"
  & + +0 Γ  &H 
XRa w¯ = 0  Ω.
2 &/ 1. &. & G2 
G2 =
∫
ER
(u¯∇w¯) · w¯ dx =∑
j
∫
ER
( 3∑
k=1
∂wj
∂xk
uk
)
wj dx =
= −∑
j,k
∫
ER
(
w2j
∂uk
∂xk
+ wj
∂wj
∂xk
uk
)
dx +
∫
Γ∪ΣR
wjukwjGZS(n¯, xk) dσ =
= − ∫
ER
∑
j,k
∂wj
∂xk
ukwj dx +
∫
ΣR
|w¯|2u¯ · n¯ dσ.
 
G2 =
∫
ER
(u¯∇w¯) · w¯ dx = 1
2
∫
ΣR
|w¯|2u¯ · n¯ dσ. !DE"
/&2 &∫
ER
∇s · w¯ dx =
∫
ER
∑
i
∂s
∂xi
wi dx = −
∫
ER
∑
i
∂wi
∂xi
s dx+ !DF"
+
∫
ΣR∪Γ
∑
i
swiGZS(n¯, xi) dσ =
∫
ΣR
∑
i
swiGZS(n¯, xi) dσ,
=B  
  XRa w¯ = 0  Ω# w¯|Γ = 0 
2 1. &. & 6 !DB"# !DE"# !DF"  9 !D@" 
 6&( +&/2
ν
∫
ER
|∇w¯|2 dx− ν
∫
Γ∪ΣR
∑
i,j
∂wi
∂xj
wiGZS(n¯, xj) dσ −
∫
ER
∑
j,k
∂wj
∂xk
wkvj dx+
+
∑
j,k
∫
ΣR
wjwkvjGZS(n¯, xk) dσ +
1
2
∫
ΣR
|w¯|2u¯ · n¯ dσ+
+
∫
ΣR
∑
i
swiGZS(n¯, xi) dσ − ν
∫
ER
(
Δv¯ζ(|S(v¯)|2)−Δu¯ζ(|S(u¯)|2)
)
· w¯ dx−
−2ν
∫
ER
3∑
i=1
{
ζ′(|S(v¯)|2)
∑
j,k,m
Skm(v¯)Sij(v¯)
∂Skm(v¯)
∂xj
−
−ζ′(|S(u¯)|2)
∑
j,k,m
Skm(u¯)Sij(u¯)
∂Skm(u¯)
∂xj
}
i
· wi dx = 0
&# /  1 2
ν
∫
ER
|∇w¯|2 dx = ν
∫
Γ∪ΣR
∑
i,j
∂wi
∂xj
wiGZS(n¯, xj) dσ +
∫
ER
∑
j,k
∂wj
∂xk
wkvj dx−
−
∑
j,k
∫
ΣR
wjwkvjGZS(n¯, xk) dσ − 12
∫
ΣR
|w¯|2u¯ · n¯ dσ −
∫
ΣR
∑
i
swiGZS(n¯, xi) dσ+
+ν
∫
ER
(
Δv¯ζ(|S(v¯)|2)−Δu¯ζ(|S(u¯)|2)
)
· w¯ dx+ !D="
+2ν
∫
ER
3∑
i=1
{
ζ′(|S(v¯)|2)
∑
j,k,m
Skm(v¯)Sij(v¯)
∂Skm(v¯)
∂xj
−
−ζ′(|S(u¯)|2)
∑
j,k,m
Skm(u¯)Sij(u¯)
∂Skm(u¯)
∂xj
}
i
· wi dx

12# /  +0 &  + / 9. !D=" 8
2..  &H + R →∞ 
   w¯|Γ = 0#   +2 & + / !D=" 
. + ?&(9 7 ΣR 
&.  $ +22 ++&1  2#
/
w¯(x) = O
(
1
|x|
)
+ x→∞.
       
 =E
 
w¯(x) ≤ c0|x|

∇w¯(x) ≤ c0|x|2 .
q 6/# /  7 ΣR +& 
|(w¯∇)w¯| ≤ c
2
0
R3
.
 2 ?62#  $∫
ΣR
∑
ij
∂wi
∂xj
wiGZS(n¯, xj) dσ ≤ c
2
0
R3
4πR2 =
4πc20
R
→ 0 + R →∞.

&. $ ( & + +0 ΣR 6 + / !D=" (
+&(62 ++&1  2# /
w¯(x) = O
(
1
|x|
)
, v¯(x) = O
(
1
|x|
)
, + x →∞.
   7 ΣR
|wjwkvj | ≤ c
3
0
R3
 & + 7 ΣR $. &/∣∣∣∣∣∑
j,k
∫
ΣR
wjwkvjGZS(n¯, xk) dσ
∣∣∣∣∣ ≤ 4πR2c20R3 = 4πc20R → 0 + R →∞.
$2  & 6 + / !D=" ∣∣∣∣ ∫
ER
∑
j,k
∂wj
∂xk
wkvj dx
∣∣∣∣ ≤ ∫
ER
|∇w¯||w¯||v¯| dx !DC"

&. $ ( 21&.  +&2 &  !DC" 8
+&(62 ++&1 2
|v¯(x)| = O
(
1
|x|
)
+ x→∞.
  |v¯| ≤ c0|x| + ?&(90 |x| 
  +& $+/ ∣∣∣ ∫
ER
|∇w¯||w¯||v¯| dx
∣∣∣2 < c20∣∣∣ ∫
ER
|x|−1|∇w¯||w¯| dx
∣∣∣2 <
=F  
< c20
∫
ER
|x|−2|w¯|2 dx ·
∫
ER
|∇w¯|2 dx

&. $ + &  +&2 9 +22 
 : !<>" 
 6&( +& $∫
ER
|∇w¯||w¯||v¯| dx ≤ 2√c0
∫
ER
|∇w¯|2 dx.

&. $ / & + +0 ΣR 6 + / !D=" +28
.2 (  1 1.# /  &. +0 0∣∣∣∣ ∫
ΣR
|w¯|2u¯ · n¯ dσ
∣∣∣∣ ≤ 4πR2c30R3 = 4πc30R → 0 + R →∞.
$2 & ∫
ΣR
∑
i
swiGZS(n¯, xi) dσ. !DJ"
  
w¯(x) = O
(
1
|x|
)
+ x →∞,
s(x) = O
(
1
|x|2
)
+ x→∞,
  7 ΣR
|sw¯| ≤ c
2
0
R3
.
q 6/# /∣∣∣∣∣
∫
ΣR
∑
i
swiGZS(n¯, xi) dσ
∣∣∣∣∣ ≤ 4πR2c20R3 = 4πc20R → 0 + R→∞.
 2 ?62#  +0 & 6 + / !D=" 2..
 &H + R →∞ 
$2 & + ?& ER 
$2 6( &∫
ER
νΔv¯ζ(|S(v¯)|2) · w¯ dx−
∫
ER
νΔu¯ζ(|S(u¯)|2) · w¯ dx =
= ν
∫
ER
∑
i
[ζ(|S(v¯)|2)Δvi − ζ(|S(u¯)|2)Δvi + ζ(|S(u¯)|2)Δvi−
−ζ(|S(u¯)|2)Δui]wi dx = ν
∫
ER
[ζ(|S(v¯)|2)− ζ(|S(u¯)|2)]
∑
i
Δviwi dx+
       
 ==
+ν
∫
ER
ζ(|S(v¯)|2)
∑
i
Δwiwi dx ≡ ν(T1 + T2)
 $ & T1 ?2 +&(6( ++&1 ? /
7$ ζ(t)
|T1| ≤
∫
ER
|ζ(|S(v¯)|2)− ζ(|S(u¯)|2)||
∑
i
Δviwi| dx =
=
∫
ER
|ζ ′(θ)|
∑
k,m
Skm(w¯)Skm(u¯ + v¯)||
∑
i
Δviwi| dx ≤
≤ M1
∑
i,k,m
∫
ER
|Skm(u¯ + v¯)||Δvi||Skm(w¯)||wi| dx ≤
≤ M1
∫
ER
[
|∇v¯|+ |∇u¯|
]
|∇2v¯||∇w¯||w¯| dx =
= M1
[ ∫
ER
|∇v¯||∇2v¯||∇w¯||w¯| dx +
∫
ER
|∇u¯||∇2v¯||∇w¯||w¯| dx
]
≡
≡ M1[T11 + T12].
$2 T11# +&(6. # +  m<n
sup
x∈Ω
|x|δ+ 3r |u¯(x)| +
∑
|α|=1
sup
x∈Ω
|x|1+δ+ 3r |Du¯(x)| ≤ c2‖u¯‖H2,rδ (Ω), !@>"
  c2 6  ?& Ω  +2 r  δ 
  &. T11 +&
T11 =
∫
ER
(1+δ+
3
r |∇v¯|)(−1−δ− 3r |∇2v¯|)|∇w¯||w¯| dx ≤
≤ c2‖v¯‖H2,rδ (Ω)
∫
ER
(−1−δ−
3
r |∇2v¯|)|∇w¯||w¯| dx,
 c2   6 !@>" 
$2 +& &# +2..  &(  +6&.2
2(  |∇w¯|), 6(  |w¯|)  3(  −1−δ− 3r |∇2v¯|) &/2
T11 ≤ c2‖v¯‖H2,rδ (Ω)
( ∫
ER
−3−3δ−
9
r |∇2v¯|3 dx
) 1
3
× !@<"
×
( ∫
ER
|∇w¯|2 dx
) 1
2 ·
( ∫
ER
|w¯|6 dx) 16
=C  
+&(6.  ?& !J"# +&/2 6 !@<"
T11 ≤ 2√
3
c2‖v¯‖H2,r
δ
(Ω)
∫
ER
|∇w|2 dx ·
( ∫
ER
−3−3δ−
9
r |∇2v¯|3 dx
) 1
3
!@D"
$2 +( +& & 6 + / !@D"# +2.. 8
 &(∫
ER
−3−3δ−
9
r |∇2v¯|3 dx =
∫
ER
−3−3δ−
9
r−a · (a|∇2v¯|3) dx ≤
≤
( ∫
ER
−(3+3δ+
9
r +a)· rr−3 dx
) r−3
r
( ∫
ER
(a
r
3 |∇2v¯|r) dx
) 3
r
!@@"
&12 a = 3(δ + 2)  ( ∫
ER
(a
r
3 |∇2v¯|r) dx
) 3
r
≤ ‖v¯‖3
H2,rδ (Ω)
.
 +&( 7$ + 21&.  + / !@@" +6&(

−(3 + 3δ + 9
r
+ 3(δ + 2))
r
r − 3 = −[9 +
9
r
+ 6δ]
r
r − 3
 & 2 D +2 r  δ .6 9.2
−3
r
< δ < 1− 3
r
, r > 3.
& δ > − 3r # 
[9 +
9
r
+ 6δ]
r
r − 3 > [9 +
9
r
− 18
r
]
r
r − 3 = [9−
9
r
]
r
r − 3 =
9r − 9
r − 3 .
.2# + 0 r +& 1 ?&(9 0
9r − 9
r − 3 > 3, 9r − 9 > 3r − 9.
&  +&.. + 0 +&1&(0 r#  2 /&  +
r > 3 
q 6/# / &∫
ER
−(3+3δ+
9
r +3(δ+2))
r
r−3 dx
0. + 0 δ 6 6 21# 0 r > 3  0 R > 0 
 6&( +&/2
T11 ≤ 2√
3
c12‖v¯‖2H2,r
δ
(Ω)
·
∫
ER
|∇w¯|2 dx,
       
 =J
 c1 ( # . &(∫
Ω
−(3+3δ+
9
r +3(δ+2))
r
r−3 dx
) r−3
r
. !@B"

&. $ & T12 ( +2.. +&&(  !@>"#
 &(# +&/2
T12 =
∫
ER
(1+δ+
3
r |∇u¯|)(−1−δ− 3r |∇2v¯|)|∇w¯||w¯| dx ≤
≤ c2‖u¯‖H2,r
δ
(Ω)
∫
ER
(−1−δ−
3
r |∇2v¯|)|∇w¯||w¯| dx ≤
≤ 2√
3
c12‖u¯‖H2,rδ (Ω)‖v¯‖H2,rδ (Ω) ·
∫
ER
|∇w¯|2 dx,
 c2   6 !@>" 
 6&( & T1 $. &/
T1 ≤ M1
[
2√
3
c12‖v¯‖2H2,rδ (Ω) ·
∫
ER
|∇w¯|2 dx+
+
2√
3
c12‖u¯‖H2,rδ (Ω)‖v¯‖H2,rδ (Ω) ·
∫
ER
|∇w¯|2 dx
]
.
?62 & T2
T2 =
∫
ER
ζ(|S(v¯)|2)
∑
i
Δwiwi dx =
∫
ER
ζ(|S(v¯)|2)
∑
i
( 3∑
j=1
∂2wi
∂x2j
wi
)
dx =
= −
∫
ER
∑
i,j
(
∂wi
∂xj
)2
ζ(|S(v¯)|2) + ∂wi
∂xj
wiζ
′(|S(v¯)|2) dx+
+
∫
Γ∪ΣR
∑
i,j
ζ(|S(v¯)|2)∂wi
∂xj
wiGZS(ν, xj) dσ =
= −
∫
ER
∑
i,j
(
∂wi
∂xj
)2
ζ(|S(v¯)|2) dx +
∫
ER
∑
i,j
∂wi
∂xj
wi
∂
∂xj
ζ(|S(v¯)|2) dx+
+
∫
ΣR
∑
i,j
ζ(|S(v¯)|2)∂wi
∂xj
wiGZS(ν, xj) dσ ≡ T21 + T22 + T23,
& + +0 Γ  &H 
C>  
$2 1 6 +&/0 & 
|T21| =
∣∣− ∫
ER
∑
i,j
(
∂wi
∂xj
)2
ζ(|S(v¯)|2) dx∣∣ ≤
≤
∫
ER
∣∣∑
i,j
(
∂wi
∂xj
)2
| · |ζ(|S(v¯)|2)∣∣ dx.
 2 7$ ζ(t) 22
|ζ(|S(v¯)|2)| ≤M1c22‖v¯‖2H2,rδ (Ω).
 
|T21| ≤M1c22‖v¯‖2H2,rδ (Ω)
∫
ER
∑
i,j
(
∂wi
∂xj
)2
dx =
= M1c22‖v¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx,
 c2   6 !@>" 

&. & T22 +&
T22 =
∫
ER
∑
i,j
∂wi
∂xj
wi
∂
∂xj
ζ(|S(v¯)|2) dx =
=
∫
ER
∑
i,j
∂wi
∂xj
wi2ζ′(|S(v¯)|2)
∑
j,l,m
Slj(v¯)
∂Slm(v¯)
∂xj
dx
.. &. $ & T22  1 1.# /  &. & T11#
+&/2
|T22| ≤ 2M1
∫
ER
|∇w¯||w¯||∇v¯||∇2v¯| dx =
= 2M1
∫
ER
|∇w¯||w¯|(1+δ+ 3r |∇v¯|)(−1−δ− 3r |∇2v¯|) dx ≤
≤ 2M1c2‖v¯‖H2,rδ (Ω)
∫
ER
|∇w¯||w¯|(−1−δ− 3r |∇2v¯|) dx
( +2...  !@>"#  &(  +6&.2 !D#F#@"#
+&/2
|T22| ≤ 4√
3
c1c2M1‖v¯‖2H2,r
δ
(Ω)
·
∫
ER
|∇w¯|2 dx.
       
 C<
0 & T23 + 7 ΣR 2.  &H  & /8
 7$ ζ(t)  ++&1.
w¯(x) = O
(
1
|x|
)
+ x→∞.
∫
ΣR
∑
i,j
∂wi
∂xj
wi dσ ≤ 4πR2 c
2
0
R3
= 4π
c20
R
→ 0 + R →∞.
  &. & T2 +& $
|T2| ≤M1c22‖v¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx+
+
4√
3
c1c2M1‖v¯‖2H2,rδ (Ω) ·
∫
ER
|∇w¯|2 dx + 4πc
2
0
R
,
+/2 +& &2 2.  &H + R→∞# c2   6 !@>"#
c1 ( # . & !@B" 
  &. 2&. 6 &∣∣∣∣∣
∫
ER
νΔv¯ζ(|S(v¯)|2) · w¯ dx−
∫
ER
νΔu¯ζ(|S(u¯)|2) · w¯ dx
∣∣∣∣∣
+& ∣∣∣∣ ∫
ER
νΔv¯ζ(|S(v¯)|2) · w¯ dx −
∫
ER
νΔu¯ζ(|S(u¯)|2) · w¯ dx
∣∣∣∣∣ ≤
≤ ν
(
2√
3
M1c1c2‖v¯‖2H2,rδ (Ω) ·
∫
ER
|∇w¯|2 dx + 2√
3
M1c1c2‖u¯‖H2,rδ (Ω)‖v¯‖H2,rδ (Ω)×
×
∫
ER
|∇w¯|2 dx + M1c22‖v¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx+
+
4√
3
c1c2M1‖v¯‖2H2,rδ (Ω) ·
∫
ER
|∇w¯|2 dx + 4πc
2
0
R
)
,
+/2 +& &2 2.  &H + R →∞ 
 $ 6 &H-0 & ?2 +&(6( ++&18
 ? / + +6 7$ ζ(t)#  &(∫
ER
3∑
i=1
{
ζ′(|S(v¯)|2)
∑
j,k,m
Sij(v¯)Skm(v¯)
∂Skm(v¯)
∂xj
−
CD  
−ζ′(|S(u¯)|2)
∑
j,k,m
Sij(u¯)Skm(u¯)
∂Skm(u¯)
∂xj
}
i
· wi dx =
=
∫
ER
3∑
i=1
{
ζ′(|S(v¯)|2)
∑
j,k,m
Sij(v¯ − u¯)Skm(v¯)∂Skm(v¯)
∂xj
+
+
∑
j,k,m
Sij(u¯)
[
ζ′(|S(v¯)|2)Skm(v¯)∂Skm(v¯)
∂xj
−
−ζ′(|S(u¯)|2)Skm(u¯)∂Skm(u¯)
∂xj
]}
i
· wi dx =
=
∫
ER
3∑
i=1
{
ζ′(|S(v¯)|2)
∑
j,k,m
Sij(w¯)Skm(v¯)
∂Skm(v¯)
∂xj
+
+
∑
j,k,m
Sij(u¯)
([
ζ′(|S(v¯)|2)− ζ′(|S(u¯)|2)
]
Skm(v¯)
∂Skm(v¯)
∂xj
+
+ζ′(|S(u¯)|2)
[
Skm(v¯)
∂Skm(v¯)
∂xj
− Skm(u¯)∂Skm(u¯)
∂xj
])}
i
· wi dx =
=
∫
ER
3∑
i=1
{
ζ′(|S(v¯)|2)
∑
j,k,m
Sij(w¯)Skm(v¯)
∂Skm(v¯)
∂xj
}
i
· wi dx+
+
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)
[
ζ′(|S(v¯)|2)− ζ′(|S(u¯)|2)
]
Skm(v¯)
∂Skm(v¯)
∂xj
}
i
· wi dx+
+
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′(|S(u¯)|2)
[
Skm(v¯)
∂Skm(v¯)
∂xj
− Skm(u¯)∂Skm(u¯)
∂xj
]}
i
· wi dx ≡
≡ T3 + T4 + T5
$2 & T3
|T3| ≤
∫
ER
|ζ′(|S(v¯)|2)||∇w¯||∇v¯||∇2v¯||w¯| dx ≤ M1
∫
ER
|∇w¯||∇v¯||∇2v¯||w¯| dx.
2.. &. & T3 1.# &/ 2# / ?& +&(68
 + $ & T11# +&/2
|T3| ≤ 2√
3
M1c1c2‖v¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx,
 c2   6 !@>" 
       
 C@
 $ & T4 +22 2 '1  7$ ζ
′(t)
T4 =
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)
[
ζ′(|S(v¯)|2)− ζ′(|S(u¯)|2)
]
Skm(v¯)
∂Skm(v¯)
∂xj
}
i
· wi dx =
=
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′′(θ)Skm(w¯)Skm(v¯ + u¯)Skm(v¯)
∂Skm(v¯)
∂xj
}
i
· wi dx,
 u¯ < θ < v¯# 
|T4| ≤
∫
ER
|∇u¯||ζ′′(θ)||∇w¯||∇(v¯ + u¯)||∇v¯||∇2v¯||w¯| dx ≤
≤ M2
∫
ER
|∇u¯||∇w¯||∇(v¯ + u¯)||∇v¯||∇2v¯||w¯| dx !@E"

&. +  ( 21& +&( 7$ & !@E"
+&(62 &22 <  6&( +&/2
|T4| ≤M2c2‖u¯‖H2,r
δ
(Ω)‖u¯ + v¯‖H2,r
δ
(Ω)
∫
ER
|∇w¯||∇v¯||∇2v¯||w¯| dx.
( +&(6. +&&( &. +& &  !@>" 
 &(# +02  $
|T4| ≤ 2√
3
M2c
2c1c
3
2|u¯‖H2,rδ (Ω)‖u¯+ v¯‖H2,rδ (Ω)c
2‖v¯‖2
H2,rδ (Ω)
·
∫
ER
|∇w¯|2 dx.

&. & T5 +&
T5 =
=
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′(|S(u¯)|2)
[
Skm(v¯)
∂Skm(v¯)
∂xj
− Skm(u¯)∂Skm(u¯)
∂xj
]}
i
· wi dx =
=
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′(|S(u¯)|2)
[
Skm(v¯)
∂Skm(v¯)
∂xj
− Skm(u¯)∂Skm(v¯)
∂xj
+
+Skm(u¯)
∂Skm(v¯)
∂xj
− Skm(u¯)∂Skm(u¯)
∂xj
]}
i
· wi dx =
=
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′(|S(u¯)|2)
[
Skm(w¯)
∂Skm(v¯)
∂xj
+ Skm(u¯)
∂Skm(w¯)
∂xj
]}
i
· wi dx =
=
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′(|S(u¯)|2)Skm(w¯)∂Skm(v¯)
∂xj
}
i
· wi dx+
CB  
+
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′(|S(u¯)|2)Skm(u¯)∂Skm(w¯)
∂xj
}
i
· wi dx ≡ T51 + T52
  2&( & T51 $. 
|T51| ≤M1
∫
ER
|∇u¯||∇w¯||∇2v¯||w¯| dx.
( +2..  +&2 & +&&(  !@>"  8
 &(# +02  $
|T51| ≤ 2√
3
M1c1c2‖v¯‖H2,rδ (Ω)‖u¯‖H2,rδ (Ω)
∫
ET
|∇w¯|2 dx.
 & T52 +2 + /.2
T52 =
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′(|S(u¯)|2)Skm(u¯)∂Skm(w¯)
∂xj
}
i
· wi dx =
= −
∫
ER
3∑
i=1
{ ∑
j,k,m
[
∂Sij(u¯)
∂xj
ζ′(|S(u¯)|2)Skm(u¯)Skm(w¯)
}
i
wi+
+
3∑
i=1
{
Sij(u¯)
∂
∂xj
ζ′(|S(u¯)|2)Skm(u¯)Skm(w¯)
}
i
wi+
+
3∑
i=1
{
Sij(u¯)ζ′(|S(u¯)|2)∂Skm(u¯)
∂xj
Skm(w¯)
}
i
wi+
+
3∑
i=1
{
Sij(u¯)ζ′(|S(u¯)|2)Skm(u¯)Skm(w¯)
}
i
∂wi
∂xj
]
dx+
+
∫
Γ∪ΣR
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′(|S(u¯)|2)Skm(u¯)Skm(w¯)
}
i
wiGZS(n¯, xk) dσ ≡
≡ T 152 + T 252 + T 352 + T 452 + T 552
$2 1 &  &( 
|T 152| ≤
∫
ER
|∇2u¯||ζ′(|S(u¯)|2)||∇u¯||∇w¯||w¯| dx ≤
≤M1
∫
ER
|∇2u¯||∇u¯||∇w¯||w¯| dx ≤
≤ 2√
3
M1c1c2‖u¯‖2H2,r
δ
(Ω)
∫
ER
|∇w¯|2 dx,
   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 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# . 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&
T 252
T 252 =
∫
ER
3∑
i=1
{ ∑
j,k,m
Sij(u¯)
∂
∂xj
(ζ′(|S(u¯)|2))Skm(u¯)Skm(w¯)
}
i
· wi dx
+& $+/ 
|T 252| ≤M2
∫
ER
|∇u¯|2|∇w¯||w¯| dx ≤ 2√
3
M2c1c2‖u¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx.
|T 352| ≤
∫
ER
|∇u¯||ζ′(|S(u¯)|2)||∇2u¯||∇w¯||w¯| dx ≤
≤ M1
∫
ER
|∇u¯||∇2u¯||∇w¯||w¯| dx.

&. +& & +&(6. +&&(  !@>"  &(8
# +&/2
|T 352| ≤
2√
3
M1c1c2‖u¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx
|T 452| ≤
∫
ER
|∇u¯|2|ζ ′(|S(u¯)|2)||∇w¯|2 dx ≤M1
∫
ER
|∇u¯|2|∇w¯|2 dx. !@F"

&. + 21&. +&( 7$ & !@F" +&(8
62 &22 <# 
|T 452| ≤M1c2‖u¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx,
 c  # 6.-.  ?&  +2 r  δ 
   w¯|Γ = 0#   & T 552  . + 7 ΣR
T 552 =
∫
ΣR
3∑
i=1
{ ∑
j,k,m
Sij(u¯)ζ′(|S(u¯)|2)Skm(u¯)Skm(w¯)GZS(ν, xk)
}
i
wi dσ.
+2.. &.  ++&1  + 7$  ?/# +8
02    2# / +
|T 552| ≤
4πc40M1
R2
→ 0 + R→∞.
 6&( &. T52 +& $
|T52| ≤ 2√
3
M1c1c2‖u¯‖2H2,r
δ
(Ω)
∫
ER
|∇w¯|2 dx + 2√
3
M2c1c2‖u¯‖2H2,r
δ
(Ω)
∫
ER
|∇w¯|2 dx+
CF  
+
2√
3
M1c1c2‖u¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx + M1c2‖u¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx + 4πc
4
0M1
R2
≤
≤
(
M1c
2 +
4√
3
M1c1c2 +
2√
3
M2c1c2
)
‖u¯‖2
H2,rδ (Ω)
∫
ER
|∇w¯|2 dx + 4πc
4
0M1
R2
,
 c2   6 !@>"  c1 ( # . & !E"# +&
&2 2.  &H + R→∞ 
 6&( +& $ &. & T5
|T5| ≤ 2√
3
c1c2M1‖v¯‖H2,rδ (Ω)‖u¯‖H2,rδ (Ω)
∫
ET
|∇w¯|2 dx+
+
(
M1c
2 +
4√
3
M1c1c2 +
2√
3
M2c2c1
)
‖u¯‖2
H2,rδ (Ω)
∫
ER
|∇w¯|2 dx + 4πc
4
0M1
R2
.
$  & 6 + / !D="# +02  9H
ν
∫
ER
|∇w¯|2 dx ≤ 16πνc
2
0
R
+
4πc30
R
+
4πc40M1
R2
+ 2
√
c0
∫
ER
|∇w¯|2 dx+
+
2√
3
νM1c1c2
(
‖v¯‖2
H2,r
δ
(Ω)
+ ‖v¯‖H2,rδ (Ω)‖u¯‖H2,rδ (Ω)
) ∫
ER
|∇w¯|2 dx+
+ν
(
M1c
2
2‖v¯‖2H2,rδ (Ω) +
4√
3
c1c2M1‖v¯‖2H2,rδ (Ω)
) ∫
ER
|∇w¯|2 dx+
+
2√
3
νM1c1c2‖v¯‖2H2,rδ (Ω)
∫
ER
|∇w¯|2 dx+
+
2√
3
νM2c
3
2c1c
2‖v¯‖2
H2,rδ (Ω)
‖u¯‖H2,r
δ
(Ω)‖v¯ + u¯‖H2,r
δ
(Ω)
∫
ER
|∇w¯|2 dx+
+ν
(
2√
3
c1c2M1‖v¯‖H2,rδ (Ω)‖u¯‖H2,rδ (Ω) +
(
M1c
2 +
4√
3
M1c2c1+
+
2√
3
M2c2c1
)
‖u¯‖2
H2,rδ (Ω)
) ∫
ER
|∇w¯|2 dx.
K22# / +  &20 2..  &H + R →∞ 
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/. ?- +&12 ν = 1  6&( +&/2 + R→∞
Q
∫
ER
|∇w¯|2 dx ≤ 0,
       
 C=
  Q 
Q = 1− c2c1M1 2√
3
‖v¯‖2
H2,rδ (Ω)
− c2c1M1 2√
3
‖v¯‖H2,rδ (Ω)‖u¯‖H2,rδ (Ω) −M1c
2
2‖v¯‖2H2,rδ+2−
− 4√
3
c2c1M1‖v¯‖2H2,rδ (Ω) −M1c
2‖u¯‖2
H2,rδ (Ω)
−
− 2√
3
M2c2c1‖u¯‖2H2,rδ (Ω) −
2√
3
M1c2c1‖v¯‖2H2,rδ (Ω)−
− 2√
3
M2c
3
2c1c
2‖v¯‖H2,r
δ
(Ω)‖u¯ + v¯‖H2,r
δ
(Ω)‖v¯‖2H2,rδ (Ω) − 2
√
c0−
− 2√
3
c2c1M1‖v¯‖H2,rδ (Ω)‖u¯‖H2,rδ (Ω) −
4√
3
c2c1M1‖u¯‖2H2,rδ (Ω).

6# /  +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 R = c‖f¯‖Lrδ+2(Ω)#
/ 6/
‖u¯‖H2,r
δ
(Ω) ≤ R = c‖f¯‖Lrδ+2(Ω)
   Q 
Q = 1− 16√
3
c1c2c
2M1‖f¯‖2Lrδ+2(Ω) − c
4M1‖f¯‖2Lrδ+2(Ω) − c
2c22M1‖f¯‖2Lrδ+2(Ω)−
− 2√
3
M2c1c2c
2|f¯‖2Lrδ+2(Ω) −
4√
3
c6c1c
3
2M2‖f¯‖4Lrδ+2(Ω) − 2
√
c0
 &# / 2 ‖f¯‖2Lrδ+2(Ω) / 2&  c0 2&# 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